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Exclusive Semileptonic B Decay1
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California Institute of Technology, Pasadena, CA 91125, USA2
Abstract. B decay sum rules relate exclusive B semileptonic decay matrix el-
ements to forward B-meson matrix elements of operators in HQET. At leading
order the operators that occur are the b-quark kinetic energy λ1 and chromo-
magnetic energy λ2. The latter is determined by the measured B
∗ − B mass
splitting. The derivation of these sum rules is reviewed and perturbative QCD
corrections are discussed. A determination of λ1 and the energy of the light de-
grees of freedom in a B-meson, Λ¯, from semileptonic B decay data is presented.
Future prospects for improving these sum rules are discussed.
I INTRODUCTION
In this lecture I review some connections between inclusive and exclusive
semileptonic B-meson decays. These arise from sum rules that relate the
form factors for exclusive semileptonic decays to nonperturbative QCD matrix
elements that occur in the inclusive semileptonic decay rate. Sum rules that
relate inclusive B transitions to a sum over exclusive states were first derived
by Bjorken [1,2] and Voloshin [3]. Then a general framework for B-decay sum
rules was presented by Bigi, et al. in [4]. Since this very important work, there
has been a considerable amount of theoretical activity in the area of B decay
sum rules [5–12].
For inclusive decays it is possible using the operator product expansion and
a transition to the heavy quark effective theory (HQET) [13] to show that
at leading order in ΛQCD/mb the B semileptonic decay rate is equal to the
b-quark decay rate [14,15]. There are no nonperturbative corrections to this
at order ΛQCD/mb [14]. The first corrections arise at order Λ
2
QCD/m
2
b , and are
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2characterized by matrix elements [16] that are related to the b-quark kinetic
energy
λ1 =
1
2mB
〈B(v)|h¯(b)v (iD)2h(b)v |B(v)〉, (1)
and the color magnetic energy
λ2 =
1
6mB
〈B(v)|h¯(b)v
g
2
σµνG
µνh(b)v |B(v)〉. (2)
The parameters λ1 and λ2 are independent of the heavy quark mass and occur
in the formulas for the B, B∗, D, and D∗ meson masses:
mB = mb + Λ¯− (λ1 + 3λ2)/2mb,
mB∗ = mb + Λ¯− (λ1 − λ2)/2mb,
mD = mc + Λ¯− (λ1 + 3λ2)/2mc,
mD∗ = mc + Λ¯− (λ1 − λ2)/2mc. (3)
The measured B∗ − B mass splitting (46 ± 0.6)MeV implies that λ2 =
0.12GeV2. The quantity Λ¯ represents the energy of the light degrees of free-
dom for the ground state sπℓℓ =
1
2
−
multiplet in the mb,c → ∞ limit. Note
that in the average masses m¯B = (mB + 3mB∗)/4 and m¯D = (mD + 3mD∗)/4
the parameter λ2 cancels out.
The leading order prediction of the operator product expansion for the B
semileptonic decay rate involves quark masses, which are not known experi-
mentally. What is measured are the hadron masses. It is possible using eq. (3)
to express the quark masses, mb and mc, in terms of the hadron masses, m¯B
and m¯D, and the parameters λ1 and Λ¯. When this is done the semileptonic
B-meson decay rate depends on the unknown parameters λ1 and Λ¯ that are
of order Λ2QCD and ΛQCD respectively. In this way of looking at the predicted
decay rate there are contributions of order ΛQCD/mc,b, but they are given in
terms of the single parameter Λ¯.
The form factors for semileptonic B → D(∗)eν¯e decay are defined by
〈D(v′)|V µ|B(v)〉√
mBmD
= h+(w)(v + v
′)µ + h−(w)(v − v′)µ,
〈D∗(v′, ǫ)|V µ|B(v)〉√
mBmD∗
= ihV (w)ε
µναβǫ∗νv
′
αvβ ,
〈D∗(v′, ǫ)|Aµ|B(v)〉√
mBmD∗
= hA1(w)(w + 1)ǫ
∗µ − hA2(w)(ǫ∗ · v)vµ
− hA3(w)(ǫ∗ · v)v′µ. (4)
Here V µ = c¯γµb and Aµ = c¯γµγ5b are the vector and axial vector currents.
The four-velocities of the initial and final states are denoted by v and v′
3respectively. The dot product of these four-velocities is w = v · v′ and at
the zero recoil point, where v = v′, w = 1. Up to corrections suppressed
by powers of αs(mc,b) and ΛQCD/mc,b, h−(w) = hA2(w) = 0 and h+(w) =
hV (w) = hA1(w) = hA3(w) = ξ(w), where the Isgur–Wise function [17] ξ is
evaluated at a subtraction point around mc,b. The differential decay rates are
dΓ(B → D∗ℓν¯e)
dw
=
G2Fm
5
B
48π3
r∗3(1− r∗)2(w2 − 1)1/2(w + 1)2
×
[
1 +
4w
w + 1
1− 2wr∗ + r∗2
(1− r∗)2
]
|Vcb|2|FB→D∗(w)|2,
dΓ(B → Dℓν¯e)
dw
=
G2Fm
5
B
48π3
r3(1 + r)2(w2 − 1)3/2|Vcb|2|FB→D(w)|2, (5)
where r(∗) = mD(∗)/mB. The functions FB→D∗ and FB→D are given in terms
of the form factors of the vector and axial vector currents defined in eq. (4) as
|FB→D∗(w)|2 =
[
1 +
4w
w + 1
1− 2wr∗ + r∗2
(1− r∗)2
]−1
×
{
1− 2wr∗ + r∗2
(1− r∗)2 2
[
h2A1(w) +
w − 1
w + 1
h2V (w)
]
+
[
hA1(w) +
w − 1
1− r∗
(
hA1(w)− hA3(w)− r∗hA2(w)
)]2}
,
FB→D(w) = h+(w)− 1− r
1 + r
h−(w). (6)
Note that FB→D∗(1) = hA1(1) and due to Luke’s theorem [18]
hA1(1) = ηA +O(Λ2QCD/m2cb). (7)
For the B → D case FB→D(1) = ηV +O(ΛQCD/mc,b). The quantities ηA and
ηV relate the axial and vector currents in the full theory of QCD to those in
HQET at zero recoil. Including corrections of order α2sβ0 [19,20]
ηA = 1− αs(
√
mbmc)
π
(
1 + z
1− z ln z +
8
3
)
− α
2
s(
√
mbmc)
π2
β0
5
24
(
1 + z
1− z ln z +
44
15
)
, (8)
where z = mc/mb and β0 = 11− 2Nf/3 is the 1-loop beta function. In eq. (8)
and hereafter dimensional regularization with MS subtraction is used. The
full order α2s expression for ηA is known [21] and the α
2
sβ0 part presented in
eq. (8) dominates it.
4II SUM RULES
To derive the sum rules, we consider the time-ordered product
Tµν =
i
2mB
∫
d4x e−iq·x 〈B | T{J†µ(x), Jν(0)}|B 〉 , (9)
where Jµ is a b→ c axial or vector current, the B states are at rest, ~q is fixed,
and q0 = mB −ED(∗) − ǫ. Here ED(∗) =
√
m2
D(∗)
+ |~q |2 is the minimal possible
energy of the hadronic final states that can be created by the current Jµ at
fixed |~q |. (We deal with cases where the lowest energy state is either a D or
a D∗.) With this definition of ǫ, Tµν has a cut in in the complex ǫ plane that
lies along 0 < ǫ < ∞, corresponding to physical intermediate states with a
charm quark. At the same value of |~q| the cut at the parton level lies in the
smaller region ǫ > Λ¯(w−1)/w+O(Λ2QCD/m2c,b), were ~q2 = m2c(w2−1). Tµν has
another cut corresponding to physical states with two b-quarks and a c¯ quark
that lies along −∞ < ǫ < −2ED(∗) . To separate out specific hadronic form
factors, one contracts the currents in eq. (9) with a suitably chosen four-vector
a. Inserting a complete set of states between the currents yields
a∗µ Tµν(ǫ) a
ν =
1
2mB
∑
X
(2π)3 δ3(~q + ~pX)
〈B|J† · a∗|X〉〈X|J · a|B〉
EX −ED(∗) − ǫ
+ . . . ,
(10)
where the ellipses denote the contribution from the cut corresponding to two
b-quarks and a c¯ quark. The sum over X includes the usual phase space
factors, d3p/(2π)32EX , for each particle in the state X .
While Tµν(ǫ) cannot be computed for arbitrary values of ǫ, its integrals
with appropriate weight functions are calculable using the operator product
expansion and perturbative QCD. Consider integrating the product of a weight
function W∆(ǫ) with Tµν(ǫ) along the contour C surrounding the physical cut
shown in Fig. 1. Assuming W is analytic in the shaded region enclosed by
this contour, we get
1
2πi
∫
C
dǫW∆(ǫ) [a
∗µ Tµν(ǫ) a
ν ]
=
∑
X
W∆(EX − ED(∗)) (2π)3 δ3(~q + ~pX)
|〈X|J · a|B〉|2
2mB
. (11)
The weight function is assumed to be positive along the cut and to satisfy the
normalization condition W∆(0) = 1. Then W∆ · |〈X|J · a|B〉|2 is positive for
all states X , and eq. (11) implies an upper bound on the magnitude of form
factors for semileptonic B decays to the ground states D(∗).
|〈D(∗)|J · a|B〉|2
4mBED(∗)
<
1
2πi
∫
C
dǫW∆(ǫ)[a
∗µTµνa
ν ]. (12)
5ε
C
FIGURE 1. The integration contour C in the complex ǫ plane. The cuts extend to
Re ǫ→ ±∞.
In eq. (12) a sum over D∗ polarizations is understood. It is also possible to
derive a lower bound if some model dependent assumptions concerning the
spectrum of final states X are made.
A possible set of weight functions is [6],
W
(n)
∆ (ǫ) =
∆2n
ǫ2n +∆2n
, (n = 2, 3, . . .). (13)
They satisfy the following properties: (i) W∆ is positive along the cut so that
every term in the sum over X on the hadron side of the sum rule is positive;
(ii) W∆(0) = 1; (iii) W∆ is flat near ǫ = 0; and (iv) W∆ falls off rapidly for
ǫ > ∆. For values of n of order unity all the poles of W
(n)
∆ lie at a distance of
order ∆ away from the physical cut. As n → ∞, W (n)∆ approaches θ(∆ − ǫ)
for ǫ > 0, which corresponds to summing over all final hadronic resonances
up to excitation energy ∆ with equal weight. In this limit the poles of W
(n)
∆
approach the cut, and the contour C is forced to pinch the cut at ǫ = ∆. Then
the evaluation of the contour integrals using perturbative QCD relies on local
duality at the scale ∆. In practice, for n > 3 the results obtained are very
close to those for n =∞ and for the remainder of this lecture I will only quote
results obtained from the weight W
(∞)
∆ (ǫ) = θ(∆− ǫ).
6III APPLICATION OF SUM RULES
AT ZERO RECOIL
The sum rule bound in eq. (12) is made explicit by using the operator
product expansion and perturbative QCD to evaluate the right-hand side.
The most important kinematic point is the zero recoil point where ~q = 0.
Choosing a to be a spatial vector a = (0, nˆ) and averaging over directions of
the unit vector nˆ, we obtain for the axial vector current
|FB→D∗(1)|2 ≤ η2A −
λ2
m2c
+
(
λ1 + 3λ2
4
)(
1
m2c
+
1
m2b
+
2
3mcmb
)
+
αs(∆)
π
XAA(∆) +
α2s(∆)
π2
β0YAA(∆), (14)
and for the vector current
0 ≤ λ2
m2c
−
(
λ1 + 3λ2
4
)(
1
m2c
+
1
m2b
− 2
3mcmb
)
+
αs(∆)
π
XV V (∆) +
α2s(∆)
π2
β0YV V (∆). (15)
Eqs. (14) and (15) include terms of order Λ2QCD/m
2
c coming from dimension
five operators in the operator product expansion for the time ordered product
of currents. The coefficients of these operators are evaluated at tree level. Also
included is the contribution from the dimension 3 operator h¯(b)v Γh
(b)
v evaluated
to order α2sβ0. There are two distinct sources of perturbative QCD corrections.
Those in ηA correspond to a final state Xc that at the parton level is a single
charm quark. These terms are independent of ∆ and come from matching of
the axial vector current onto its HQET counterpart, i.e., Aν = ηAh¯
(b)
v γ
νγ5h
(c)
v .
The part of the QCD correction involving XAA, YAA, XV V and YV V , comes at
the parton level from states with a charm quark and a gluon or even more
partons. These corrections depend on ∆. Since ∆ is the cut off on the invariant
mass of the final hadronic states it seems most natural to write these terms
as a power series in αs(∆). If one used αs(µ) with µ much different from ∆
the coefficients YAA and YV V would contain large logarithms of ∆/µ. Analytic
expressions for the order αs corrections are known [6]
XAA(∆) =
∆(∆ + 2mc)[2(∆ +mc)
2 − 2m2b − (mb +mc)2]
18m2b(∆ +mc)
2
+
3m2b + 2mbmc −m2c
9m2b
ln
(
∆+mc
mc
)
, (16)
XV V (∆) =
∆(∆ + 2mc)[2(∆ +mc)
2 − 2m2b − (mb −mc)2]
18m2b(∆ +mc)
2
+
3m2b − 2mbmc −m2c
9m2b
ln
(
∆+mc
mc
)
. (17)
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FIGURE 2. X(∆) and Y (∆) for the a) axial, and b) vector coefficients. Thick solid lines
are X while thick dashed lines are Y . The thin solid and dashed lines are X and Y to order
∆2/m2c,b.
For small ∆, XAA and XV V are of order ∆
2/m2c,b; however, even when ∆ =
1GeV, terms higher order in ∆/mc,b are important (the small ∆ approximation
to XAA and XV V was calculated in Ref. [4]). The values of YAA and YV V have
been determined numerically [6]. In Fig. 2, XAA, YAA, XV V , and YV V are
plotted as functions of ∆ in the region ∆ < 2GeV. The values of Y are quite
close to X in this region.
The vector current sum rule bound in eq. (15) implies a bound on λ1. This
bound is strongest for mc ≫ mb ≫ ∆. In that limit it becomes [4,6]
λ1 ≤ −3λ2 + αs(∆)
π
∆2
(
4
3
)
+
α2s(∆)
π2
β0∆
2
(
13
9
− 2 ln 2
3
)
. (18)
The parameter ∆ must be chosen large enough that perturbative QCD is
meaningful. However the bounds on λ1 and |FB→D∗|2 become stronger the
smaller the value of ∆. The smallest value of ∆ for which one can imagine
using perturbative QCD is 1GeV. Using ∆ = 1GeV, αs(1GeV) = 0.45, λ2 =
0.12GeV2, eq. (18) implies
λ1 ≤ (−0.36 + 0.19 + 0.20)GeV2. (19)
The three terms on the right-hand side of eq. (19) correspond respectively to
the contribution of λ2, the perturbative part of order αs(∆)∆
2/π, and the
perturbative part of order [αs(∆)/π]
2∆2. Notice that with ∆ = 1GeV the α2s
term is as large as the order αs term. It may be a mistake to conclude from
this that ∆ = 1GeV is too low for QCD perturbation theory to be meaningful.
It has been conjectured that λ1 has a renormalon ambiguity of order Λ
2
QCD
8(one does not see this from the usual sum of bubble graphs) [22]. Even though
the renormalon ambiguity arises from large orders of perturbation theory, it is
possible that the bad behavior of the first few terms in the perturbative series
presented in eq. (18) is a reflection of this uncertainty.
In this lecture the matrix element λ1 is defined using dimensional regu-
larization and MS subtraction. If λ1 has a renormalon ambiguity (of order
Λ2QCD), the perturbative QCD series that relates it to a physical quantity, for
example computed in lattice QCD, is not Borel summable. However, there
is no evidence that this is a serious problem. Whenever λ1 occurs in an ex-
pression for some measurable quantity, e.g., the bound on |FB→D∗(1)|2, there
is another perturbative series that when combined with the series in λ1 (e.g.,
from matching onto lattice QCD) probably has no renormalon ambiguity (of
order Λ2QCD) [23].
Next consider the bound on |FB→D∗(1)|2 in eq. (14). We can eliminate λ1
from it by combining (14) and (15). This gives
|FB→D∗(1)|2 ≤ η2A −
λ2
m2c
+
αs(∆)
π
[
XAA(∆) +
1
3
(
∆2
m2c
+
∆2
m2b
+
2∆2
3mcmb
)]
(20)
+
α2s(∆)
π2
β0
[
YAA(∆) +
(
13
36
− ln 2
6
)(
∆2
m2c
+
∆2
m2b
+
2∆2
3mcmb
)]
.
Neglecting the nonperturbative correction factor of −λ2/m2c and again using
∆ = 1GeV, the above bound is
|FB→D∗(1)|2 ≤ 1− 0.074− 0.020
+ 0.044 + 0.046
= 1− 0.030 + 0.026. (21)
Here we used mc = 1.4GeV, mb = 4.8GeV, αs(
√
mcmb) = 0.28, αs(1GeV) =
0.45, and β0 = 9. The first row is the perturbative expansion of η
2
A, the
second row is the order αs(∆) and order αs(∆)
2 terms, and the third row
sums the columns. There is a renormalon ambiguity of order Λ2QCD/m
2
c,b that
cancels between the perturbative series for η2A and the series in αs(∆). This
bound on the physical quantity |FB→D∗(1)|2 is not very strong (even when
the factor of −λ2/m2c is included), and furthermore the third row of eq. (21)
seems to indicate that with ∆ = 1GeV QCD perturbation theory is not very
well behaved. However, this does not mean that the sum rule for |FB→D∗(1)|2
in eq. (14) is not useful. Consider the perturbative part of eq. (14), neglecting
for now both the terms of order λ1/m
2
c,b and λ2/m
2
c,b. Numerically, with ∆ =
1GeV, this gives
|FB→D∗(1)|2 ≤ 1− 0.074− 0.020
+ 0.013 + 0.017
= 1− 0.061− 0.003. (22)
9Again, the first row is the perturbative expansion of η2A and the second row
are the terms of order αs(∆) and α
2
s(∆). The third row of eq. (22) does not
indicate that there is any breakdown of QCD perturbation theory. If λ1 can
be determined experimentally from, for example, the electron spectrum in
inclusive semileptonic B-decay then the sum rule in eq. (14) may lead to an
important constraint. For example, with ∆ = 1GeV and λ1 = −0.2GeV2,
eq. (14) implies the bound
|FB→D∗(1)|2 ≤ 0.90, (23)
which is smaller than η2A = 0.91.
IV THE LEPTON ENERGY SPECTRUM AND
THE PARAMETERS λ1, Λ¯
The CLEO collaboration has measured the lepton energy spectrum for in-
clusive B → Xℓν¯e decay, both demanding only one charged lepton (single
tagged data) and two charged leptons (double tagged sample) [24,25]. In the
double tagged sample the charge of the high momentum lepton determines
whether the other lepton comes from a semileptonic B decay (primary lep-
ton) or the semileptonic decay of a D-meson (secondary lepton). The single
tagged sample is presented in 50MeV bins while the double tagged data is pre-
sented in 100MeV bins. The single tagged sample has much higher statistics,
but is significantly contaminated by secondaries below Eℓ = 1.5GeV.
The operator product expansion for semileptonic B decay does not repro-
duce the physical lepton spectrum point by point near the maximal electron
energy. Near the endpoint, comparison of theory with data can only be made
after smearing or integrating over a large enough region. The minimal size
of this region has been estimated to be about 500MeV. As was mentioned
in the introduction, the theoretical prediction for the lepton energy spectrum
depends on λ1 and Λ¯, so we can try to use the data to determine these quanti-
ties. We want to consider observables sensitive to Λ¯ and λ1, but we also want
deviations from the b-quark decay rate to be small enough so that contribu-
tions from even higher dimension operators in the operator product expansion
are small. Ref. [26] uses R1 and R2, where
R1 =
∫
1.5GeV(dΓ/dEℓ)Eℓ dEℓ∫
1.5GeV(dΓ/dEℓ) dEℓ
, (24)
and
R2 =
∫
1.7GeV(dΓ/dEℓ) dEℓ∫
1.5GeV(dΓ/dEℓ) dEℓ
. (25)
10
Here Eℓ denotes the lepton energy. The variable R1 has dimensions of mass
and values for it will be given in GeV. Ratios are considered so that |Vcb| cancels
out. Before comparing the experimental data with theoretical predictions
derived from the operator product expansion and QCD perturbation theory,
it is necessary to include electromagnetic corrections and effects of the boost
to the laboratory frame. This gives
R1 = 1.8059− 0.309
(
Λ¯
m¯B
)
− 0.35
(
Λ¯
m¯B
)2
− 2.32
(
λ1
m¯2B
)
− 3.96
(
λ2
m¯2B
)
− αs
π
(
0.035 + 0.07
Λ¯
m¯B
)
+
∣∣∣∣VubVcb
∣∣∣∣
2
(
1.33− 10.3 Λ¯
m¯B
)
−
(
0.0041− 0.004 Λ¯
m¯B
)
+
(
0.0062 + 0.002
Λ¯
m¯B
)
, (26)
and
R2 = 0.6581− 0.315
(
Λ¯
m¯B
)
− 0.68
(
Λ¯
m¯B
)2
− 1.65
(
λ1
m¯2B
)
− 4.94
(
λ2
m¯2B
)
− αs
π
(
0.039 + 0.18
Λ¯
m¯B
)
+
∣∣∣∣VubVcb
∣∣∣∣
2
(
0.87− 3.8 Λ¯
m¯B
)
−
(
0.0073 + 0.005
Λ¯
m¯B
)
+
(
0.0021 + 0.003
Λ¯
m¯B
)
. (27)
In eqs. (26) and (27) the charm and bottom quark masses have been expressed
in terms of m¯B, m¯D, Λ¯, λ1, and λ2 using eq. (3), which is why Λ¯ occurs in
these formulas. The last two terms in eqs. (26) and (27) are from electro-
magnetic radiative corrections and from the boost to the laboratory frame
respectively. The experimental values for R1 and R2 are R1 = 1.7831GeV
and R2 = 0.6159. These were obtained from the single tagged data with a
correction for the secondary leptons obtained from the double tagged sample.
For R1 this correction is 0.0001GeV and for R2 it is 0.0051. Comparing ex-
periment with eqs. (26) and (27) gives the central values Λ¯ = 0.39± 0.11GeV
and λ1 = −0.19 ± 0.10GeV2. Fig. 3 shows the one sigma bands on the al-
lowed values of Λ¯ and λ1 from R1 and R2. The narrower band corresponds
to the R1 constraint. The shaded ellipse is the one sigma allowed region for
Λ¯ and λ1 including correlations between R1 and R2. The errors included in
this analysis are just the statistical ones. An analysis of systematic errors
has not been performed. However, they are only weakly energy dependent for
Eℓ ≥ 1.5GeV and it is hoped that for R1,2 systematic errors are smaller than
the statistical ones. Note that the bands from R1 and R2 are almost parallel,
so even small corrections can significantly change the central values for Λ¯ and
λ1 obtained from Fig. 3.
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FIGURE 3. Allowed regions in the Λ¯−λ1 plane for R1 and R2. The bands represent the
1σ statistical errors, while the ellipse is the allowed region taking correlations into account.
The star denotes where the order Λ3QCD/m¯
3
B corrections discussed in the text would shift
the center of the ellipse.
One such set of corrections comes from higher dimension operator in the
operator product expansion. At order Λ3QCD/m¯
3
B new terms occur character-
ized by two matrix elements ρ1 and ρ2 and two time ordered products. ρ1 can
be estimated by factorization, ρ1 = (2παs/9)mBf
2
B ≈ (300MeV)3, and ρ2 is
expected to be small [4]. Neglecting ρ2 and the time ordered products gives
the following order Λ3QCD/m¯
3
B corrections to R1 and R2,
δR1 = −(0.4Λ¯3 + 5.7Λ¯λ1 + 6.8Λ¯λ2 + 7.7ρ1)/m¯3B,
δR2 = −(1.5Λ¯3 + 7.1Λ¯λ1 + 17.5Λ¯λ2 + 1.8ρ1)/m¯3B. (28)
Including these corrections shifts the central values for Λ¯ and λ1 to the location
Λ¯ = 0.35GeV and λ1 = −0.15GeV2 marked by the star in Fig. 3. For a more
complete discussion of the order Λ3QCD/m¯
3
B corrections, see Ref. [27].
The bands in Fig. 3 were determined using |Vub/Vcb| = 0.08. This value
is model dependent. If |Vub/Vcb| = 0.10 is used then the central values shift
to Λ¯ = 0.42GeV and λ1 = −0.19GeV2. In Fig. 3, αs = 0.22 was used
corresponding to a subtraction point near mb. With αs = 0.35 the central
values shift to Λ¯ = 0.36GeV and λ1 = −0.18GeV2.
Theoretical uncertainty in this determination of Λ¯ and λ1 originate from the
reliability of quark hadron duality at the limits of integration defining R1,2,
12
order Λ3QCD/m¯
3
B corrections, and higher order perturbative QCD corrections.
Recently the order α2sβ0 terms in R1 and R2 have been computed [28]. They
give corrections δR1 = −0.082α2sβ0/π2 and δR2 = −0.098α2sβ0/π2, moving the
central values to Λ¯ = 0.33GeV and λ1 = −0.17GeV2. Concerning duality,
note that the lower limits on the lepton energy Eℓ ≥ 1.5GeV and Eℓ ≥
1.7GeV used in R1,2 correspond to summing over hadronic states X with
masses less than 3.6GeV and 3.3GeV respectively. Changing the lower limit
in the numerator of R2 to 1.8GeV leads to central values Λ¯ = 0.47GeV and
λ1 = −0.26GeV2. The plot in Fig. 3 uses electron data only. Using the
muon sample instead gives compatible central values of Λ¯ = 0.43GeV and
λ1 = −0.21GeV2.
It would be nice to have another constraint on λ1 and Λ¯ that would be less
parallel than R1 and R2 are. This can be provided by the photon spectrum
in inclusive B → Xsγ decay [29] which, when the data improves, will give a
band almost parallel to the λ1 axis of Fig. 3. Lattice QCD can also be used to
determine λ1 and Λ¯, although for λ1 there are serious difficulties coming from
mixing with the lower dimension operator h¯(b)v h
(b)
v [30]. This mixing does not
occur in the continuum if dimensional regularization with MS subtraction is
used.
V CONCLUDING REMARKS
In this lecture I have reviewed the derivation of B-decay sum rules, discussed
the perturbative QCD corrections, and reviewed the status of the determina-
tion of the nonperturbative QCD matrix element λ1 that occurs in the sum
rules.
If the contribution of the lowest lying excited states X on the right-hand
side of eq. (11) were known then this would imply a better bound on the
ground state matrix elements. The lowest lying excited states are nonresonant
D(∗)π. Their contribution, for low D(∗)π invariant mass, is calculable [4] in
terms of the one coupling constant, g, of heavy hadron chiral perturbation
theory [31]. This coupling also determines the D∗ width, Γ(D∗+ → D0π+) =
(g2/6πf 2π)|~pπ|3 (for the neutral pion mode there is an additional factor of 1/2).
Unfortunately at the present time there is only a limit on the D∗ width and
hence an upper bound on g. A measurement of the D∗ width would give a
direct determination of this coupling. Then we would know the contribution
of these nonresonant states to the sum rules. (Determining g from various
D∗ and D∗s branching ratios is discussed in Ref. [32]). Higher in mass is
the sπℓℓ =
3
2
+
doublet of excited charmed mesons D1(2420) and D
∗
2(2460).
These states are narrow with widths around 20MeV. A doublet with sπℓℓ =
1
2
+
quantum numbers is expected to also exist, but these states are thought to be
quite broad (i.e., widths greater than 100MeV). Very recently the contribution
of these excited charmed mesons to the sum rules has been discussed [33].
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Perturbative QCD corrections to the sum rules have been calculated to order
α2sβ0. It is important to improve this to a full order α
2
s calculation. Finally,
it is interesting to note that B-decay sum rules may also be important for
the b → u transition, giving valuable information on exclusive B → πℓν¯ℓ or
B → ρℓν¯ℓ form factors [8]. At this time perturbative corrections to these
b→ u transition sum rules have not been computed.
REFERENCES
1. Bjorken, J.D., Invited talk at Les Rencontre de la Valle d’Aoste (La Thuile,
Italy), SLAC-PUB-5278 (1990);
Bjorken, J.D., et al., Nucl. Phys. B371, 111 (1992).
2. Isgur, N. and Wise, M.B., Phys. Rev. D43, 819 (1991).
3. Voloshin, M.B., Phys. Rev. D46, 3062 (1992).
4. Bigi, I.I., et al., Phys. Rev. D52, 196 (1995).
5. Bigi, I.I., et al., Phys. Lett. B339, 160 (1994).
6. Kapustin, A., et al., Phys. Lett. B375, 327 (1996).
7. Grozin, A.G. and Korchemsky, G.P., Phys. Rev. D53, 1378 (1996).
8. Boyd, G. and Rothstein, I.Z., UCSP-TH-96-20 [hep-ph/9607418] (1996).
9. Boyd, C.G., et al., Phys. Rev. D55, 3027 (1997).
10. Uraltsev, N., UND-HEP-96-BIG04 [hep-ph/9610425] (1996).
11. Koyrakh, L.A., Ph.D. Thesis, University of Minnesota [hep-ph/9607443] (1996).
12. Davoudiasl, H. and Leibovich, A.K., CALT-68-2098 [hep-ph/9702341] (1997).
13. Eichten, E. and Hill, B., Phys. Lett. B234, 511 (1990);
Georgi, H., Phys. Lett. B240, 447 (1990).
14. Chay, J., et al., Phys. Lett. B247, 399 (1990).
15. Voloshin, M. and Shifman, M., Sov. J. Nucl. Phys. 41, 120 (1985).
16. Bigi, I.I., et al., Phys. Rev. Lett. 71, 496 (1993);
Manohar, A.V. and Wise, M.B., Phys. Rev. D49, 1310 (1994);
Blok, B., et al., Phys. Rev. D49, 3356 (1994); (E) 50, 35 (1994);
Mannel, T., Nucl. Phys. B413, 396 (1994).
17. Isgur, N. and Wise, M.B., Phys. Lett. B232, 113 (1989); Phys. Lett. B237,
527 (1990).
18. Luke, M.B., Phys. Lett. B252, 447 (1990).
19. Voloshin, M. and Shifman, M., Sov. J. Nucl. Phys. 47, 511 (1988).
20. Neubert, M., Phys. Lett. B341, 367 (1996).
21. Czarnecki, A., Phys. Rev. Lett. 76, 4124 (1996).
22. Neubert, M., CERN-TH-96-282 [hep-ph/9610471] (1996);
Martinelli, G., et al., Nucl. Phys. B461, 238 (1996).
23. Beneke, M., et al., Phys. Rev. Lett 73, 3058 (1994);
Luke, M., et al., Phys. Rev. D51, 4924 (1995);
Neubert, M. and Sachrajda, C.T., Nucl. Phys. B438, 235 (1995).
24. Bartlett, J., et al., CLEO Collaboration, CLEO/CONF 93-19 (1993);
Barish, B., et al., CLEO Collaboration, Phys. Rev. Lett. 76, 1570 (1996).
14
25. Wang, R., Ph.D. Thesis, University of Minnesota (1994).
26. Gremm, M., et al., Phys. Rev. Lett. 77, 20 (1996).
27. Gremm, M. and Kapustin, A., CALT-68-2042 [hep-ph/9603448] (1996).
28. Gremm, M. and Stewart, I., Phys. Rev. D55, 1226 (1997).
29. Kapustin, A. and Ligeti, Z., Phys. Lett. B355, 318 (1995).
30. Gimenez, V., et al., Nucl. Phys. Proc. Suppl. 53, 365 (1997).
31. Wise, M., Phys. Rev. D45, R2188 (1992);
Burdman, G. and Donoghue, J., Phys. Lett. B280, 287 (1992);
Cheng, H.Y., et al., Phys. Rev. D47, 1030 (1992).
32. Amundsen, A., et al., Phys. Lett. B296, 415 (1992);
Cho, P. and Wise, M.B., Phys. Rev. D49, 6228 (1994);
Cho, P. and Georgi, H., Phys. Lett. B296, 408 (1992).
33. Leibovich, A., et al., CALT-68-2102 [hep-ph/9703213] (1997).
